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ON THE NUMBER OF p-ELEMENTS IN A FINITE GROUP
PIETRO GHERI
This work is dedicated to the memory of Carlo Casolo.
His knowledge, his curiosity, his humility and his humanity were an example to all of his students and friends.
ABSTRACT. In this paper we study the ratio between the number of p-elements and the
order of a Sylow p-subgroup of a finite group G. As well known, this ratio is a positive
integer and we conjecture that, for every groupG, it is at least the (1− 1
p
)-th power of the
number of Sylow p-subgroups ofG. We prove this conjecture ifG is p-solvable. Moreover,
we prove that the conjecture is true in its generality if a somewhat similar condition holds
for every almost simple group.
1. INTRODUCTION
Let G be a finite group and p be a prime dividing the order of G. Moreover, let
Up(G) =
⋃
P∈Sylp(G)
P,
be the set of p-elements of G.
A celebrated theorem of F.G. Frobenius ([3]) states that if P is a Sylow p-subgroup of
G, then |P | divides |Up(G)|. We will call the positive integer |Up(G)|/|P | the p-Frobenius
ratio of G.
The number of p-elements of a finite group is a fundamental invariant in finite group
theory. Several different proofs of Frobenius’ theorem have been given (see, for example,
[6] and [10]). Moreover in [11, Theorem 15.2] it is proven that the p-Frobenius ratio in a
finite group of Lie type is equal to the size of a Sylow p-subgroup.
Nevertheless, it is still unknown if the Frobenius ratio has a combinatorial meaning.
It is clear that the p-Frobenius ratio is 1 if and only if G contains a normal Sylow p-
subgroup. In [8], it is proven with a nice and easy argument that if the p-Frobenius ratio is
not 1, then it must be greater or equal than p.
In this paper, we focus on the search for “good” bounds for the p-Frobenius ratio in
terms of the number np(G) of Sylow p-subgroups of G.
Of course, a trivial upper bound is obtained when every pair of Sylow p-subgroups of
G has trivial intersection, so that, given a Sylow p-subgroup P of G,
|Up(G)|
|P |
≤ np(G) −
np(G)− 1
|P |
≤ np(G).
It is not hard to find examples of sequences of groups that show that a lower bound on
the p-Frobenius ratio cannot be linear in np(G). We state the following conjecture.
Conjecture A. Let G be a finite group, p be a prime dividing |G| and P a Sylow p-
subgroup of G. Then
(1)
|Up(G)|
|P |
≥ np(G)
1− 1p .
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We will show in Example 2.5 that this bound is “asymptotically tight”. We show that
Conjecture 1 is true for p-solvable groups. Namely, we prove the following.
Theorem A. Let G be a finite p-solvable group and P be a Sylow p-subgroup of G. If
np(G) denotes the number of Sylow p-subgroups in G, then
(2)
|Up(G)|
|P |
≥ np(G)
p−1
p .
Inspired by the proof of Theorem A, we show that a sufficient condition for Conjecture
1 to be true in general is that
(3)
(∏
x∈P
λG(x)
)1/|P |
≤ np(G)
1
p ,
where for every p-element x of P , λG(x) denotes the number of Sylow p-subgroups of G
containing x.
For this condition we give a reduction to almost simple groups.
Theorem B. Inequality (3) holds for every finite group if and only if it holds for every
finite almost simple group.
One of the most important tools used here is the so-called Wielandt’s subnormalizer
(see Definition 2.1), which is related to the number of p-elements (see Lemma 2.3). This
connection is mainly due to the works of C. Casolo on subnormalizers ([1], [2]).
Another fundamental tool for the proof of our result is a theorem by G. Navarro and
N. Rizo, concerning the number of fixed points in a coprime action of a p-group.
Throughout the paper G will be a finite group and p a prime dividing |G|. Also, for all
x ∈ G we denote with xG the conjugacy class of x in G.
2. THE P-SOLVABLE CASE
In this section we prove Theorem A. First of all we introduce the we introduce the
concept of subnormalizer, whose definition (see [7, pag. 238]) is inspired by the celebrated
Wielandt’s subnormality criterion, which says that a subgroupH of G is subnormal in G
if and only if H is subnormal in 〈H, g〉 for every g ∈ G.
Definition 2.1. LetH be a subgroup of G. The subnormalizer of H in G is the set
SG(H) = {g ∈ G |H ✂✂ 〈H, g〉}.
where✂✂ means “is subnormal in”.
A useful link between subnormalizers and the number of p-elements in a finite group
(see Lemma 2.3) is established by using a beautiful theorem by C. Casolo In order to state
this theorem we introduce some notation. Let H be a p-subgroup of G and P be a Sylow
p-subgroup of G. We write λG(H) for the number of Sylow p-subgroups of G containing
H and αG(H) for the number ofG-conjugates ofH contained in P (note that this number
does not depend on the Sylow subgroup P we are considering). When H = 〈x〉 is a
cyclic subgroup, we simply write SG(x) and λG(x), in place of SG(〈x〉) and λG(〈x〉).
In a similar fashion, we write αG(x) for the number of G-conjugates of the element x
contained in P . We thus have that
(4) αG(x) = αG (〈x〉) |NG(〈x〉)|/|CG(x)|.
We can now state the aforementioned theorem by C. Casolo.
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Theorem 2.2 ([1],[2]). LetH be a p-subgroup of G. Then the following holds and P be a
Sylow p-subgroup of G.
a)
|SG(H)| = λG(H)|NG(P )| = αG(H)|NG(H)|.
b) IfG is p-solvable andM is the set of all p′-factors in a given normal {p, p′}-series
of G, then
|SG(H)| = |P |
∏
U/V ∈M
∣∣CU/V (HV/V )∣∣ .
A first easy application of this result is a formula that expresses the number of p-
elements in G in terms of the orders of the subnormalizers of the cyclic subgroups of a
Sylow p-subgroup of G.
Lemma 2.3. Let P be a Sylow p-subgroup of G. We have
|Up(G)| =
∑
x∈P
|G|
|SG(x)|
.
Proof. In the sum ∑
x∈P
|xG|
every class of p-elements is involved and its contribution is repeated as many times as the
cardinality |xG ∩ P | = αG(x). Hence
|Up(G)| =
∑
x∈P
|xG|
αG(x)
=
∑
x∈P
|G|
αG(x)|CG(x)|
=
∑
x∈P
|G|
|SG(x)|
,
by part a) of Theorem 2.2 and formula (4). 
We now turn to the proof of Theorem A. Another fundamental tool that we are going to
use in the proof is the following formula proved by Navarro and Rizo.
Theorem 2.4 ([9]). Suppose that P is a p-group acting on a p′-groupG. Then
|CG(P )| =
(∏
x∈P
|CG(x)|
|CG(xp)|1/p
) p
(p−1)|P |
.
We can now prove Theorem A.
Proof of Theorem A. By Lemma 2.3 we have that the p-Frobenius ratio of G is the arith-
metic mean of the ratios
|G|
|SG(x)|
when x runs across P . By the Arithmetic-Geometric Mean Inequality, we get
(5)
|Up(G)|
|P |
=
1
|P |
(∑
x∈P
|G|
|SG(x)|
)
≥
(∏
x∈P
|G|
|SG(x)|
)1/|P |
.
Since G is p-solvable we can take a normal {p, p′}-series, whose set of p′-factors we call
M. Then, by part b) of Theorem 2.2, we have for all x ∈ P
|G|
|SG(x)|
=
|G|/|P |∏
U/V ∈M |CU/V (V x)|
=
∏
U/V ∈M
|U/V |
|CU/V (V x)|
.
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We insert this last term in (5) and swap the products to get
|Up(G)|
|P |
≥

 ∏
U/V ∈M
(∏
x∈P
|U/V |
|CU/V (xV )|
)
1/|P |
=

 ∏
U/V ∈M
∣∣∣∣UV
∣∣∣∣
|P |
(∏
x∈P
1
|CU/V (xV )|
)
1/|P |
.
Now for all U/V ∈ M, P is a p-group that acts on the p′-group U/V . We can then apply
Theorem 2.4 and use the trivial inequality |CU/V ((xV )
p)| ≤ |U/V |, so that we have
∏
x∈P
1
|CU/V (xV )|
=
(∏
x∈P
1
|CU/V ((xV )p)|1/p
)
1
|CU/V (P )||P |(p−1)/p
≥
(
1
|U/V ||P |/p
)
1
|CU/V (P )||P |(p−1)/p
and so
|Up(G)|
|P |
≥

 ∏
U/V ∈M
|U/V |
|CU/V (P )|


p−1
p
=
(
|G|
|SG(P )|
)1− 1p
,
again by part b) of Theorem 2.2.
Finally, we observe that for a Sylow p-subgroup SG(P ) = NG(P ), so that
|Up(G)|
|P |
≥
(
|G|
|SG(P )|
)1− 1p
=
(
|G|
|NG(P )|
)1− 1p
= np(G)
1− 1p .

It is worth mentioning that the bound in Theorem A is asymptotically tight in the sense
specified by the following example.
Example 2.5. Let p be a prime and, for n a positive integer, let P be an elementary abelian
group of order pn. Moreover setM to be the set of the maximal subgroups of P . Choose
a prime q such that p divides q − 1. Then for anyM ∈ M we have that P/M ≃ Cp acts
fixed point freely as a group of automorphisms on a cyclic group 〈aM 〉 ≃ Cq . We denote
the image of the generator aM under this action by a
xM
M , for every xM ∈ P/M .
Since
⋂
M∈MM = 1, it follows that P acts faithfully on the direct product N of the
groups 〈aM 〉. To be more explicit the following map
P → Aut(N)
x 7→ φx,
where φx(aM ) = a
xM
M , for allM ∈M is an injective homomorphism.
We consider the semidirect product Gn = N ⋊ P . The normalizer of P in Gn is
CN (P )P = P , hence the number of Sylow p-subgroups of Gn is
(6) np(Gn) = |N | = q
|M| = q
pn−1
p−1 .
In order to count the number of p-elements in Gn we use the equality
|Up(Gn)| =
∑
x∈P
np(Gn)
λGn(x)
,
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which follows from Lemma 2.3 and part a) of Theorem 2.2. We thus have to compute
λGn(x), for x ∈ P \ {1}. Using again part a) of Theorem 2.2, we have
λGn(x) =
αGn(x)np(Gn)
|xGn |
.
Now since P is abelian and Gn has a normal p-complement, we have αGn(x) = 1 and
|xGn | = |N |/|CN (x)|, so that λGn(x) = |CN (x)|. Given x ∈ P \ {1}, the centralizer of
x in N is generated by those aM such that a
xM
M = aM . Since P/M acts fixed point freely
on 〈aM 〉, this holds if and only if x ∈M , hence
CN (x) = 〈aM | x ∈M〉.
The number of maximal subgroups in P containing a fixed nontrivial element is p
n−1−1
p−1 ,
and so
|CN (x)| = q
pn−1−1
p−1 .
We can then calculate the p-Frobenius ratio of Gn
|Up(Gn)|
|P |
=
1
|P |
∑
x∈P
np(Gn)
λGn(x)
=
1
pn
(
1 + (pn − 1)
q
pn−1
p−1
q
pn−1−1
p−1
)
=
1
pn
+
pn − 1
pn
qp
n−1
.
(7)
By (6) we have
np(Gn)
p−1
p = q
pn−1
p .
We can now compare the two members of the inequality stated by Theorem A. By consid-
ering the limit
lim
n→∞
|Up(Gn)|/|P |
np(Gn)
p−1
p
= lim
n→∞
(
1
pnq
pn−1
p
+
pn − 1
pn
qp
n−1
q
pn−1
p
)
= q1/p,
we see that the p-Frobenius ratio ofGn and the
(
1− 1p
)
-th power of the number of Sylow
p-subgroups have the same asymptotic behaviour.
3. THE GENERAL CASE
In this section we explain why inequality (3) is sufficient for establishing Conjecture 1
and we prove Theorem B.
Let P a Sylow p-subgroup of G. Since Lemma 2.3 is true for any group, by applying
the Arithmetic-Geometric Mean Inequality as in 5, we get
|Up(G)|
|P |
≥
(∏
x∈P
|G|
|SG(x)|
)1/|P |
and, recalling Theorem 2.2, we can write
|Up(G)|
|P |
≥
(∏
x∈P
np(G)
λG(x)
)1/|P |
.
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A sufficient condition for (2) is then(∏
x∈P
np(G)
λG(x)
)1/|P |
≥ np(G)
p−1
p ,
that is (∏
x∈P
λG(x)
)1/|P |
≤ np(G)
1
p ,
which is inequality (3).
Remark 3.1. In [4] it is proven that if x is a p-element of G which is not contained in the
Op(G), then λG(x) is at most np(G)/(p + 1). Focusing on a single element, this is the
best one can get. Inequality (3), if true, would give a better bound on average, as it states
that the geometric mean of the number of Sylow p-subgroups containing an element of a
Sylow p-subgroup is at most the p-th root of the total number of Sylow p-subgroups.
Remark 3.2. The bound (3), if true, is best possible in a strict sense. If we compute the
terms of inequality (3) for the groupsGn defined in Example 2.5, an equality occurs.
Remark 3.3. For the proof of TheoremB, we can assumeOp(G) = 1. This is because ifN
is a normal p-subgroup of G, then, for all x ∈ Up(G), we have that λG(x) = λG/N (xN),
and so (3) holds for G if and only if it holds for G/N .
First of all, we can reduce (3) to nonsolvable groups all of whose proper quotients are
solvable (see Proposition 3.7). We need some technical lemmas, the first of whom is proved
in [5, Lemma 3.3].
Lemma 3.4. Let H be a subgroup of G and x ∈ H be a p-element. Then
λG(x)
np(G)
≤
λH(x)
np(H)
.
Moreover, if H ✂G, then the equality holds.
Lemma 3.5. Let N be a normal subgroup of G, P be a Sylow p-subgroup of G and x an
element of P . Assume that G = NP . Then
|SG(x)| = |SN (x)||NP/N |
Proof. If x ∈ N , the thesis follows from the fact that |SG(x)|/|G| = |SN (x)|/|N |, which
can be easily derived from part a) of Theorem 2.2.
We work by induction on m, where |NP/N | = pm. Ifm = 0, then G = N and there
is nothing to prove. Suppose that m > 0 and G 6= N〈x〉. LetM be a maximal subgroup
of G containingN〈x〉. Then, asM ✂G, by inductive hypothesis
|SG(x)| = |SM (x)|p = |SN (x)|p
m−1p.
Finally, if G = N〈x〉, we observe that, given a ∈ N and t a positive integer, axt ∈ SG(x)
if and only if 〈x〉 is subnormal in 〈x, axt〉 = 〈x, a〉, that is if and only if a ∈ SG(x). It
follows that
|SG(x)| = |SN (x)||NP/N |.

Lemma 3.6. LetN be a normal subgroup ofG, P be a Sylow p-subgroup ofG and x ∈ P .
Then
λG(x) = λG
N
(Nx)λNP (x).
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Proof. First of all we show that given a p-element x, the value λNP (x) is independent of
the particular Sylow p-subgroup P containing x. By Theorem 2.2 and Lemma 3.5, we
have
λNP (x) =
|SNP (x)|
|NNP (P )|
=
|SN (x)|
|NNP (P )|
∣∣∣∣NPN
∣∣∣∣ = |SN (x)||N | |np(NP )|.
If Q is another Sylow p-subgroup such that x ∈ Q, then of course np(NP ) = np(NQ),
since NP and NQ are conjugated in G. Moreover |SN (x)| depends only onN and x.
Now let∆xG be the set of the Sylow p-subgroups of G containing x. We define the map
∆xG → ∆
xN
G
N
Q 7→ NQ/N.
(8)
For all Q˜ ∈ ∆xG, the fiber of NQ˜/N ∈ ∆
xN
G
N
is the set of Sylow p-subgroups Q of G
containing x and such that NQ = NQ˜, that is, ∆x
NQ˜
. Since we proved that λNQ˜(x) is
independent of Q˜, we have
λG(x) = |∆
x
G| =
∣∣∣∆xNG
N
∣∣∣ |∆xNP | = λG
N
(xN)λNP (x).

Proposition 3.7. A counterexample of minimal order to inequality (3) is a nonsolvable
group having a unique minimal normal subgroupM , which is nonsolvable, and such that
G = MP , where P is a Sylow p-subgroup of G.
Proof. LetG be a counterexample of minimal order to inequality 3 and let P be a Sylow p-
subgroup ofG. By Remark 3.3 we have thatOp(G) = 1. By TheoremA,G is nonsolvable.
We show that every proper quotient ofG is solvable. LetM be a minimal normal subgroup
of G. By Lemma 3.6, we have∏
x∈P
λG(x) =
∏
x∈P
λ G
M
(Mx)λMP (x)
=

 ∏
xM∈PMM
λ G
M
(Mx)


|P∩M|(∏
x∈P
λMP (x)
)
.
By the minimality of G, we have∏
xM∈PMM
λ G
M
(Mx) ≤ np (G/M)
|PM/M|
p .
IfMP < G, we can again assume that the inequality is true forMP and so
∏
x∈P
λG(x) ≤ np
(
G
M
) |PM/M|
p |P∩M|
np(MP )
|P |
p = np(G)
|P |
p .
Since this is true for every minimal normal subgroup of G, the usual subdirect product
argument gives that G has a unique minimal normal subgroup M , which is nonsolvable
and such that G =MP . 
Referring to the notation of Lemma 3.7, M is the direct product of simple groups per-
muted by P . The next easy lemma loosely bounds the number of 〈x〉-invariant Sylow
p-subgroups ofM , where x ∈ P , in terms of the action of 〈x〉 on the direct factors ofM .
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Lemma 3.8. LetM ✂G be a direct product of k copies of a group L,M = L1×· · ·×Lk,
let x ∈ G be an element that permutes the factors Li of M and let p be a prime number.
Then the number of 〈x〉-invariant Sylow p-subgroups of M is at most np(L)
s, where s is
the number of orbits of 〈x〉 on ∆ = {L1, . . . , Lk}.
Proof. A Sylow p-subgroup Q of M is the direct product of k Sylow p-subgroups of L,
Q = Q1 × · · · × Qk. Suppose that Q is normalized by x. If Li = L
xr
j , for r ∈ Z, then
Qi = Q
xr
j and so one has at most np(L) choices for each 〈x〉-orbit in∆. 
We can now prove Theorem B
Proof of Theorem B. Suppose that inequality (3) is true for all finite almost simple groups
and let G be a counterexemple of minimal order. By Proposition 3.7, G = MP where P
is a Sylow p-subgroup of G andM is the unique minimal normal subgroup
M = L1 × · · · × Lk, Li ≃ L, ∀i ∈ {1, . . . , k}.
for some nonabelian simple group L. Moreover P acts transitively on the set ∆ =
{L1, . . . , Lk}. Since we are assuming the result for almost simple groups, we have k > 1.
Let Q = P ∩M . For any subgroupQ ≤ X ≤ P we setmX to be the ratio
(9) mX =
|NM (X)|
|NM (P )|
=
np(G)
np(MX)
.
The last equality holds since np(G) = [MP : NMP (P )] = [M : NM (P )] andnp(MX) =
[MX : NMX(X)] = [M : NM (X)]. Moreover observe that if g ∈ NM (P ) and x ∈ X
then
xg = x[x, g] ∈ X(M ∩ P ) = XQ = X,
and so NM (P ) ≤ NM (X).
With a slight abuse of notation, we denotewith λM (x) the number of Sylow p-subgroups
inM normalized by x even for x /∈M . It is easy to check that λM (x) = λM〈x〉(x).
LetH0 = NP (L1) be the stabilizer of L1 in the action of P on∆. Since P is transitive
on ∆, H0 6= P . Choose now a maximal subgroup H of P containing H0. Since H is
normal in P and the stabilizers of the subgroups Li are all conjugated in P , we have that
H contains all of them. It follows that every element x ∈ P \H has at most k/p orbits on
∆ and so by Lemma 3.8
(10) λM (x) ≤ np(L)
k
p .
We now consider separately the elements inside and outside H . As for the elements
insideH , sinceMH is normal in G, using Lemma 3.4, we get∏
x∈H
λG(x) =
∏
x∈H
np(G)
np(MH)
λMH(x)
=
∏
x∈H
mHλMH(x) = (mH)
|H|
∏
x∈H
λMH(x).
SinceH is a Sylow p-subgroup ofMH and inequality (3) holds forMH < G we get∏
x∈H
λG(x) = (mH)
|H|
∏
x∈H
λMH(x)
≤ (mH)
|H|np(MH)
|H|
p = m
p−1
p |H|
H np(G)
|H|
p ,
(11)
where we applied (9).
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Now we turn our attention on elements in P \H . Let T be a set of representatives for
the right cosets of Q in P that are not contained inH . The cardinality of T is then
|T | = [P : Q]− [H : Q] =
|P | − |H |
|Q|
= (p− 1)
|H |
|Q|
.
We have, by Lemma 3.4
∏
x∈P\H
λG(x) =
∏
x∈T
∏
g∈Q
λG(gx) ≤
∏
x∈T

∏
g∈Q
mQ〈gx〉λM〈gx〉(gx)


=
∏
x∈T

m|Q|Q〈x〉 ∏
g∈Q
λM (gx)

 .
Now the elements gx in the previous product are not inH and so by (10)
∏
x∈P\H
λG(x) ≤
(∏
x∈T
mQ〈x〉
)|Q|
np(L)
k
p |Q||T |
=
(∏
x∈T
mQ〈x〉
)|Q|
np(M)
p−1
p |H|.
(12)
We now want to evaluate the product
∏
x∈T mQ〈x〉. In the following we use the bar
notation for the quotients modulo Q. If R = NM (Q) we have a coprime action of P¯ on
the p′-group R¯. We apply Theorem 2.4 to this action and get
|CR¯(P¯ )|
|P¯ | p−1p =
∏
x∈P¯
|CR¯(x)|
|CR¯(x
p)|1/p
.
Separating the elements inside H¯ and those outside H¯ and applying twice Theorem 2.4,
we get
|CR¯(P¯ )|
|P¯ | p−1p =

∏
x∈H¯
|CR¯(x)|
|CR¯(x
p)|1/p



 ∏
x∈P¯\H¯
|CR¯(x)|
|CR¯(x
p)|1/p


= |CR¯(H¯)|
|H¯| p−1p

 ∏
x∈P¯\H¯
|CR¯(x)|
|CR¯(x
p)|1/p

 .
Using the bound |CR¯(x
p)| ≤ |R¯| and the fact that |P¯ \ H¯| = (p− 1)
∣∣H¯∣∣, we have
∏
x∈P¯\H¯
|CR¯(x)| = |CR¯(P¯ )
|P¯ | p−1p |CR¯(H¯)|
−|H¯| p−1p

 ∏
x∈P¯\H¯
|CR¯(x
p)|1/p


≤ |CR¯(P¯ )|
|P¯ | p−1p |CR¯(H¯)|
−|H¯| p−1p |R¯||H¯|
p−1
p .
(13)
We now observe that if X is a subgroup of P containing Q, then Q = X ∩M , so that
NM (X) ≤ NM (Q) = R and we have
(14) NM (X) = CR¯(X¯).
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and since Q ≤ NM (X)
mX =
|NM (X)|
|NM (P )|
=
∣∣∣NM (X)∣∣∣∣∣∣NM (P )∣∣∣ =
|CR¯(X¯)|
|CR¯(P¯ )|
Hence, for all x ∈ T ,
mQ〈x〉 =
|CR¯(xQ)|∣∣CR¯(P¯ )∣∣ .
Going back to our product and using (13), we then get∏
x∈T
mQ〈x〉 =
∏
x∈T
|CR¯(xQ)|
|CR¯(P¯ )|
=
∏
x∈P¯\H¯
|CR¯(x)|
|CR¯(P¯ )|
≤ |CR¯(P¯ )|
−|P¯ | p−1p |CR¯(P¯ )|
|P¯ | p−1p |CR¯(H¯)|
−|H¯| p−1p |R¯||H¯|
p−1
p
= |CR¯(H¯)|
−|H¯| p−1p |R¯||H¯|
p−1
p .
We now remove the bar notation using the definition of R and (14),
∏
x∈T
mQ〈x〉 =
(
|NM (H)|
|Q|
)− |H||Q| p−1p ( |NM (Q)|
|Q|
) |H|
|Q|
p−1
p
=
(
|NM (Q)|
|NM (H)|
) |H|
|Q|
p−1
p
.
Using this bound in inequality (12) we get
∏
x∈P\H
λG(x) ≤
(∏
x∈T
mQ〈x〉
)|Q|
np(M)
p−1
p |H|
≤
(
|NM (Q)|
|NM (H)|
) p−1
p |H|
np(M)
p−1
p |H|
≤
(
|NM (Q)|
|NM (H)|
np(M)
) p−1
p |H|
,
and since Q is a Sylow p-subgroup ofM ,
∏
x∈P\H
λG(x) ≤
(
|NM (Q)|
|NM (H)|
|M |
|NM (Q)|
) p−1
p |H|
=
(
|M |
|NM (H)|
) p−1
p |H|
(15)
By combining (11) and (15) we obtain
∏
x∈P
λG(x) =
(∏
x∈H
λG(x)
)
 ∏
x∈P\H
λG(x)


≤
(
m
p−1
p |H|
H np(G)
|H|
p
)(
|M |
|NM (H)|
) p−1
p |H|
= np(G)
|H|
p
(
mH
|M |
|NM (H)|
) p−1
p |H|
.
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Finally, recalling (9) and the fact that |H | = |P |/p we get
∏
x∈P
λG(x) ≤ np(G)
|H|
p
(
|NM (H)|
|NM (P )|
|M |
|NM (H)|
) p−1
p |H|
= np(G)
|H|
p np(G)
p−1
p |H| = np(G)
|P |
p
which is against the fact that G is a counterexample. 
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